A known identity relating the functional density derivative of the pair distribution function g( 12) of nonuniform liquids to the triplet distribution function g ( 123) is obtained within the grand canonical ensemble, but then generalized to the case of nonuniform liquid mixtures with either short-or long-range forces. The resulting identities are easily applied to the case of uniform one-or multicomponent liquids, and when applied to the case of a binary Coulomb mixtures, they yield the canonical sum rules relating the n-point to the (n + 1 )-point distribution functions. Finally, when applied to the one-component plasma (OCP), taken as a particular limiting case, the expected result that the total compressibility of the OCP must vanish in the thermodynamic limit is obtained.
I. INTRODUCTION
In a recent paper, Reatto, Stell, and Tau' derived an identity relating the functional density derivative of the pair distribution function of a nonuniform molecular fluid to an integral over the triplet distribution function g( 123). This relation was obtained through the use of functional methods and was subsequently applied to a uniform limit. Since it is a simple but useful result of statistical mechanics, we derive it here through the use of more standard methods, such as the "scaling device" used, for example, to obtain the Bogolyubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy,2 and only at the last step use the functional chain rule to obtain the final result. This result is obtained within the grand canonical ensemble (GCE), and in the limit of uniform density we establish an identity relating the density derivative of the radial distribution function &(r)/ap to an integral over the triplet distribution function g( 123), a relation that has been known for many years. It was first obtained by Buff and Brout3 who used it as a test of the Kirkwood superposition approximation. Subsequently, it was rediscovered by Schofield4 and used by Hutchinson' again as a test of the superposition approximation. Finally, RavechC and Mountain6 considered it in more detail in their study of three-body correlations of dense fluids. The result can also be interpreted as a "sum rule" relating the integral of the triplet distribution function over one of its arguments with the radial distribution function of the system.
The approach, and the interpretation, can be generalized to nonuniform liquid mixtures; we do so below, and we establish a similar set of identities relating the various functional density derivatives of the radial distribution functions of a multicomponent system to corresponding integrals over the various associated triplet distributions. We then take the limit of uniform partial densities, to establish a similar set of identities for uniform liquid mixtures. The ensuing results are not based on any assumption of pair additivity of the interactions. The identities are applied to the case of mixtures of charged particles, and they lead to the canonical sum rules linking the n-point and (n + 1 )-point distribution functions of the mixture, which were obtained earlier by Gruber et al. 7 These sum rules can be thought of as generalizations of the first StillingerLovett moment condition' to higher order correlation functions. Finally, we examine the form this identity takes, and the implications it has, for a virtual one-component system of long-range forces, such as the one-component plasma (OCP).9 To do this we consider the OCP as the limiting case of a two-component mixture of oppositely charged particles where the density of particles of one component is taken to infinity at the same time as the charge of each particle is taken to zero, but carried out in such a fashion that the requirement of overall electroneutrality is always satisfied. "*l' Application of this limiting procedure to the identities derived for a two-component system yields the result that the total compressibility of the OCP must vanish, thus confirming a result obtained independently elsewhere. exp{-@vN(rN)}dp-"
We will now derive this equation by using standard differentiation, and only in the last step apply the functional chain rule in order to obtain functional derivatives. We start with a general, nonuniform system. Let HN( rv,pN) be the Hamiltonian of such a system, which we write in the form
We assume that the general potential function V(p) specifically contains one-body (external) potentials which necessarily give rise to nonuniform density profiles. Nonuniformity can, of course, be self-sustaining without the existence of external potentials, but in general the way it arises in theory is by introduction of a small external potential to "break" the translational symmetry, and only as a later step is the limit of zero symmetry breaking field taken.13 Accordingly, we write the potential function as
where v(ij,-**) is the interaction potential between the particles of the system (it is not required to reduce to a sum of pair potentials) and 4(i) is the external potential. We also work in the grand canonical ensemble, and accordingly define the n-particle density by
where z=Ae3ee@ is the activity, A the thermal deBroglie wavelength, /3= l/k,T the inverse temperature, p the chemical potential, and E the grand partition function, =exp(PPCl). (2.6) Here h is Plan&s constant and P is the pressure. We also define z(i) as
From the definition of pn( l,...,n), and using the fact that the average number of particles (N) is given by ~3 In E W) =a 9 (2.8) it is then straightforward to show that ap,C L...,n) 1 NP On the other hand, the expression on the right-hand side of Eq. (2.9) can be written, after some rearrangement, as (2.10)
From the definition of the n-particle density [Eq. (2.5)], it now directly follows that3 '6 ap,C L.4) 
(2.16) Equation (2.16) is valid for integrals over an arbitrarily shaped domain of integration Q. Thus it is also valid for any arbitrary, infinitesimal deformation of this domain, with the implication that the integrands must therefore also be equal, i.e., Sp(l) 6 In z (2) =p(l)S(12)+p(l)p(2)h(12).
We now apply Eq. (2.11) for n = 2, and obtain
(2.18) (12) aln2 = I d3 6 ln g ( 12) Slnz (3) ' (2.20) so that from Eqs. (2.19) and (2.20) (and using again the arbitrariness of the domain of integration 9 ), we obtain 6lng (12) 6ln2 (3) =p (3) go-[ g (123) g (13)g (23)+h (13) (12) ap(4) Sp (4) S In z (3) ( 2.22) and using Eqs. (2.17) and (2.21) we get 6lng(12) I 6 lng ( 12) &(3) + d4 6p (4) p (4M34) 8 ( 123) =--g (13)g (23)+h (13)
This is the sought-for relation for a general, nonuniform system. In the next section we apply this identity to the case of a uniform fluid.
III. APPLICATION TO UNIFORM FLUIDS
We now turn our attention to uniform systems, i.e., systems for which the one-particle density p(i) is independent of position (3.1) Accordingly, the n-body distribution function can be expressed as g,( lA...,n) = p,( 1,2,...,n)
Pn and for such a system, translational and rotational invariance together imply that the pair distribution function g( r1,r2) depends only on the magnitude of the difference of its arguments ghr2) =8( I rl -r2( 1 =&I (3.3) and is the standard radial distribution function g(r). Our starting point is again Eq. (2.11) : Applied for n = 1 it gives (3.4) and using the familiar thermodynamic relation C. N. Likos and N. W. Ashcroft: Distribution functions of liquids 9305 (3.5) where v= l/p is the specific volume and xr is the isothermal compressibility, Eq. (3.4) is equivalent to pkBTxr= lim 1 +p
which is just the well known compressibility sum rule for a one component system. Here S(0) denotes the k-0 limit of the structure factor S(k). Now, Eq. (2.11) applied for n = 2 gives, after dividing both sides by p ( 12) alnp (12) awp) =2+
and if we rewrite Eq. (3.4) as
then by subtracting Eq. (3.8) twice from Eq. (3.7), and introducing the distribution functions, we obtain a Ing ( 12) g ( 123) 
Finally, by applying the chain rule to replace the (Pp) derivative by a density derivative using Eqs. (3.4)-( 3.6), a little rearrangement of Eq. (3.9) yields the desired relation, namely, +p g(13)g(23) s X I g (123) g (13)g (23)g (12)-1 d3 1 (3.10)
as given by Reatto et al. ' and also earlier in Refs. 3-6. However, we emphasize that in Refs. 3-6 the result was obtained by considering a uniform system from the beginning, whereas in our approach we obtain it for a general, nonuniform system and then proceed to the uniform limit. We now wish to rewrite the previous equation in the form 11) which can be thought of as a sum rule relating the integral of g ( 123) over the coordinate r3 with the radial distribution function g( 12). In the canonical ensemble, where the number of particles N is kept fixed, the equivalent of Eq. 
IV. GENERALIZATION TO NONUNIFORM MIXTURES
The generalization of the above identity to multicomponent systems is straightforward, and again it can be largely given without resourse to functional methods. We assume that we have a system composed of Y different species. The generic number density pKJ..,ny (in the terminology of Buff and Brout14) is defmed as the average density of sets containing n, molecules of species 1, n2 molecules of species 2, etc., at the points rl,...,r,, in an open system of fixed volume Cl, where n = Z& In,. From standard statistical mechanical arguments, the n-point density is expressed as14 It is now straightforward to prove, in a way completely analogous to the proof of Eq. (2.11), that without restriction on the form of the interaction potentials, the chemical potential dependence of the generalized density is given by I4 6) where the prime in the subscript of the left-hand side denotes that the partial derivative is to be taken with all chemical potentials other than pa kept constant. In the remaining part of this section, we focus our attention on two-component systems. For two components it is convenient to revert to a slightly different notation: The subscripts in densities or distribution functions will now denote the species of molecules ( 1 or 2), and not the number of molecules of each species. The latter will be denoted by the number of times a subscript appears. We also drop the superscript n. Thus pll( 12) is the two-particle density for two molecules of species 1, gli2 ( 123) is the triplet distribution function proportional to the probability of finding a particle of species 1 at position r2 and a particle of species 2 at position r3 provided that a particle of species 1 is located at position rl, and so on. Applying Eq. (4.6) for the one-particle density, we find that where h,=g,-1, and a#= 1,2. We now apply the functional chain rule to reexpress the left-hand side of Eq. On the other hand, if we apply Eq. (4.6) for n = 2, proceed in a way analogous to the one-component case, and introduce the distribution functions, we obtain for the twocomponent mixture the relation [cf. Eq. (2.19)] alngaB(12) alnzy = ~d-ipyO)[g~~~~~ '-g~yogB,(z3) (4.14)
The relations represented by Eq. (4.14) (for a,p,y= 1,2) are the required generalizations of Eq. (2.23) for twocomponent nonuniform mixtures, and they have the form of coupled integral equations for the density functional derivatives of the various distribution functions. In the case of a uniform mixture, these coupled integral equations revert to algebraic equations for the usual density derivatives of the distribution functions, and they can be solved in closed form. We proceed to the uniform limit in the next section.
V. APPLICATION TO UNIFORM TWO-COMPONENT MIXTURES
We turn now to uniform mixtures, i.e., mixtures for which the partial one-particle densities are position independent, gdhr2) =gaB( I rl -r2 I > =g,&9 (5.3) and are again just the standard radial distribution functions g@(r). Starting from Eq. (4.6) and applying it for n = 1, we obtain where Sd(0) stands for the k-+0 limit of the structure factor Sas( k These equations can be solved to obtain the unknown density derivatives; the final expression is ( 13)gg2 (23) Here xi,2 are the concentrations of the two components in the mixture (~~,~=p~,~/p), where p=p, +p2. The derivative with respect to the density p2 can be easily obtained by interchanging the subscripts 1 and 2 in Eq. (5.9). By analogy with the case of a one-component uniform liquid, we can again introduce the total isothermal compressibility of the mixture, xr in Eq. (5.9) by using the result of Kirkwood and Buff"-", i.e.,
-2 jlX,X~S,2(0) * (5.10) It is important to note that Eq. (5.9) is valid only if the system of linear equations (5.8) can be inverted, i.e., provided that
This condition is satisfied for neutral mixtures, i.e., for mixtures consisting of molecules interacting via shortrange forces. However, in the case of mixtures consisting of charged molecules interacting by means of the long-range Coulomb potential, condition (5.11) is not satisfied. This problem was pointed out earlier by Friedman and Ramanathan" in their study of electrolyte solutions. We examine this special case in the following section.
VI. APPLICATION TO TWO-COMPONENT COULOMB MIXTURES
In this section we examine the form that the identities derived above take for the case of a two-component mixture of charged particles such as a binary ionic mixture (BIM). The system consists of two species of particles: positive with charge Z, (el, and negative with charge -Z2 I e I. The requirement of overall electroneutrality imposes the following condition on the partial densities of the two components, namely: Plzl+P2z2=0* (6.1) Note that neutrality is enforced with average densities and the use of the GCE is permissible. For such systems, Stillinger and Lovett' have derived a set of "moment conditions" on the distribution functions. The first (or zerothorder) moment condition reads dr Zpp[g&r) -11 =-Z, a= I,2 (6.2) and is a direct consequence of charge neutrality, since it states that the charge density in the fluid surrounding an ion of species a shall, on the average, integrate to -Z, I e I. n-body densities of the fluid. Finally, introducing into Eq. (6.8) the expressions given by Eq. (4.6) for the partial which can be thought of as a generalization of the first derivatives of the n-body density, we obtain PlWn,,!t2 (n) (1 ,...,n)+pl [p~~,f;2~1(~,...,n+l)-p~~~~2(~,...,n)p~1'(n+l)ld~,+l I P2Wn,,nz (n) (1 ,...,n)+p2 I
[ptt:++:lnz(l,...,n+l)-plt:(nl(l,...,n)pl1'(n+l)ldr,+l .
(6.9)
These equations are the so-called "canonical sum rules" for a two-component Coulomb mixture. They were obtained earlier by Grubcr et aZ. ' for a general, multicomponent system of particles interacting by means of long-range forces. They are, by analogy with Eq. (6.2), a direct consequence of the electroneutrality condition. In the following section, we examine the implications the identities derived here have for the case of a virtual compensated onecomponent Coulomb system, the one component plasma (OCP).
VII. APPLICATION TO THE ONE COMPONENT PLASMA
The dense one-component plasma (OCP), the simplest model of a charged system, is a classical system of identical point ions interacting exclusively through the Coulomb potential. These particles are immersed in a rigid, uniform background of opposite charge provided to ensure overall charge neutrality. Although this model is an oversimplification for real systems, it serves as a prototype for charged matter and can be considered as a limiting case of matter under extreme conditions.' Strictly speaking, the OCP is a two-component system, in which the second component is continuous and "frozen." Therefore, it can be considered as a formal limit of a fully dynamical twocomponent Coulomb mixture, where we let the number density of the second component proceed to infinity, but at the same time we let the charge of each particle become vanishingly small, both limits carried out in such a fashion that the electroneutrality condition [Eq. (6.1)] is always satisfied:
P2-* a* z,+0; pJ1+p2Z,=O.
(7.1) This is the "dense-point limit" of Waisman and Lebowitz." A specific realization of this procedure for the quantum case, called the "bifurcation scheme," was introduced recently by Moulopoulos and Ashcroft," for a fully dynamical two-component system at zero temperature. In that limit, correlations involving the background particles should vanish since Z2 is infinitesimal and we expect g,,(r) =g21(4 =g22k) = 1 (7.2) for all positive r. Thus there are no correlations involving the uniform neutralizing background particles, and we may therefore focus our attention on the ion-ion distribution function gll (r), which we now call simply g(r) . We now start from Eq. (6.8) for n = 2, which remains valid if we replace the two-particle density pc2) (r) by the radial distribution function g(r). Multiplying both sides by Z2, we obtain aa9 as(r)
PlZ2 -=pzZ, a In z1 .
(7.3)
Next, taking the dense point limit, and using the neutrality condition we see that on the right-hand side of Fq. (7.3) p2Z2=-plZ1, and on the left-hand side plZ2-+0 at the limit. Thus for the OCP Applying the chain rule and introducing the structure factor, we readily obtain from Eq. (7.4) (7.5) where we have used S(0) as a shorthand notation for Sll (0). Eq. (7.5) directly implies that for the OCP lim S(k) =O.
(7.6)
On the other hand, it is knownI that the total isothermal compressibility of the system can be expressed in terms of S(0) alone via the relationship (7.7) and thus from Eqs. (7.6) and (7.7) it follows that the total compressibility of the OCP must vanish. This result can be considered physically as a direct consequence of the diverging background pressure associated with rigid background charge alone, and was obtained independently in the earlier work by Gruber et al. ' and also by Weeks.12 It is a unique characteristic of the OCP, and it is ultimately traced to the long-wavelength divergence of the ' through the use of functional techniques. Application of this identity to uniform liquids results in an integral identity relating the density derivative of the radial distribution function of uniform liquids with the triplet distribution function. This identity demonstrates manifestly the triplet correlation effects on the radial distribution function, and among its applications it serves as a test for the triplet distribution function itself.36 We have provided the corresponding identities for two-component nonuniform and uniform mixtures of neutral molecules, thus obtaining a set of equations relating the density derivatives of the pair distribution functions with the various triplet distribution functions. Application to mixtures of charged particles results in a generalization of the first StillingerLovett moment condition' to higher-order distribution functions. Finally, by specializing to the one component plasma we confirm by these methods the result that its total compressibility must vanish.
Using the definition of the n-particle density from Pq. (2.5)) and applying the standard scaling strategy214 to evaluate the volume derivatives, we obtain for n = 1 Combining the last two equations, we can eliminate the gradient of the potential, leading to an equation which, however, has no direct reference to the interaction, i.e.,
